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1. MORE ON THE CARTAN DECOMPOSITION 


Proposition 1.1. Let g be a semisimple Lie algebra and let b be a Cartan subalgebra, and 
9 = 5 Dace Ga the associated Cartan decomposition. 


(1) [ft € ga, y € gg and h € b then 


K(h, |x, y]) = a(h)w(a, y). 
(2) The roots a € ® span b*. 
(3) The subspace ha = |Sa,9—a] C b is one-dimensional and a(ha) F 0. 
(4) Ifa € ©, and eg © ga\{O}, there exist fa € ga and he © Ha so that the map 
eC eg, fH fa andh + he gives an embedding slz > ga © Ha © G_-a. (Here 
e, f, h denote the standard basis of sly.) 
Proof. For (1) we have 
K(h, |v, y]) = K([h, 2],y) = K(a(h)x, y) = a(h)K(2, y), 
as required. 

For (2), suppose that W = span{®}. If W is a proper subspace of h*, then we 
may find an h € h such that a(h) = 0 for all a € ®. But then it follows from our 
formula for the Killing form in terms of the Cartan decomposition that k(h,z) = 0 
for all x € h, which contradicts the nondegeneracy of the form ky. 

For (3), as in the remark above, since kj, is nondegenerate it yields an isomor- 
phism h* — 6, given by \ +> t) where (t,,h) = A(h) for all h € h. Since we know 
that © spans h*, it follows that {ty : a € &} spans h. Suppose that x € ga, y € g-a- 
Then by (1) we see that [x,y] = «(z, y)ta, so that ha C span{t,}. Since « is non- 
degenerate on ga © g-a we may find x € ga, y € g—a such that K(x, y) 4 0, hence 
ha = span{t,} as required. 

Next we wish to show that a(h.) # 0. For this note that if a(b,) = 0 then 
pick x € ga, y € g-a So that z = [x,y] € ha is nonzero. Then [z,z] = a(z)x = 
0 = —a(z)y = [z,y], so that a = k-span{z, y, z} is a solvable subalgebra of g. In 
particular, by Lie’s theorem we may find a basis of g with respect to which the 
matrices of ad(a) act by upper triangular matrices, and so ad(z) = ad([z, y]) acts 
by a strictly upper triangular matrix, and hence is nilpotent. Since we also know 
z € bh we have ad(z) is semisimple, hence ad(z) is both semisimple and nilpotent, 
which implies it is zero, contradicting z 4 0. 

Given a(hq) 4 0, it is clear that there is a unique ha € ba such that a(ha) = 2, 
indeed hy = aaj to Next if eg € ga is nonzero, then using the nondegeneracy 


of « and part (1) we may find an f, € g_a so that K(eq, fa) = ET and hence 
using part 7) we see [€a, fa] = ha. It is now easy to check that {eo, fa, ha} span an 
copy of slz in g which establishes (4). 
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Remark 1.2. A triple of elements {e, f, h} ina Lie algebra g which obey the relations 
of the standard generators of slz (that is, [e, f] = h, [h, e] = 2e, [h, f] = 2f) is called 
an slo-triple. 


Lemma 1.3. Let g be a semisimple Lie algebra and h a Cartan subalgebra with Cartan 
decomposition g = h Dace Ja Then 


e The root spaces gq are one-dimensional. 
e Ifae Band ca € ® for some c € Z thence = +1. 


Proof. Choose a nonzero vector €4 € ga. Then as above we may find an element 
€-a © G—a such that [ea,e-a] = ha € § (since « restricted to ga © g_a is nonde- 
generate). Consider the subspace: 


M =keo Ok.te © D apa- 
p<O 


(this is a finite direct sum as g is finite-dimensional). Then since ad(e,)(e€.) = 0, 
and [ga,g—a] = k-Aa, and [ea, hal = 2€a, it is easy to see that M is stable under 
€q,€—q and h,. We commute the trace of h, on M in two ways: on the one hand, 
it a commutator and so has trace zero. On the other hand it acts semisimply on 
each of the direct sums defining MM, so that 


0 = tr(ha) = a(ha) + 5 dim(gpa)-pa(he) 
p<O0 


= a(ha)(1— S° p.dim(g_pa). 

p>0 
Since we know that a(h,) 4 0, the only way the above equality can hold is if 
dim(gpa) = 0 for p > 1 and dim((g_q) = 1. Since —a € @if and only if a € 9, this 
completes the proof. 


Remark 1.4. It follows immediately from Proposition 1.1 part iv) and Lemma 1.3 
part i) that for any a € 9, the direct sum ga © ba © g_a is a subalgebra of g 
isomorphic to slz. We will denote this subalgebra as sl,. (Note sl, = slg if and 
only if a = £8.) 


We can refine somewhat the structure of the Cartan decomposition we have 
already obtained, using the same techniques. Suppose that a, 8 are two roots in g 
such that 8 4 ka for k € Z. Then we may consider the roots which have the form 
a-+k. Clearly, since g is finite dimensional, there are integers p,q > 0 such that 
a+k6 € © for each k with —p < k < q, but neither —(p + 1)a@ nor (¢ + 1) are not 
in ®. This set of roots is called the a-string through £. 


Proposition 1.5. Let 6 — pa,..., (6+ qa be the a-string through 8. Then we have 


B(ha) = KPa, ta) = ren =p—4q. 


In particular G — B(ha).a € ®. Moreover, if a € ®andc € k has ca € ® then c € {+1}. 


Proof. We consider the subspace M = @_,<p<qGa+ks- Pick ea € ga and e_q € 
g—q such that 0 4 [e,g,e_-g] = ha and so that {e,,e_.,h,} form the standard 
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generators of slz as above. It is clear that ea, ha, ea preserve M, so we tr) (ha) = 
0, and so, using the fact root spaces are 1-dimensional, we have the identity: 


S> (B+ ka)(ha) = 0, 
—psksaq 
and so 
(a(q + 1)/2 — v(p + 1)/2)a(ha) + (Pp +9 +1)6 (Ra) = 9, 
and so since p + ¢g + 140 and a(h,.) = 2, we obtain: 
B(Ra) =p - 4. 

as required. Since 8 + (p— q)a is certainly in the a-string through it follows that 
B+ B(ha).a € ®. 

For the second part, since we know from the previous lemma that if c € Z then 
c € {+1}, it suffices to consider the case where c € k\Z. But then we may apply 
the first part of the lemma to 6 = ca to find that 2c = c.a(ha) = p — gq, that is, 
c= $(p —q). Since c ¢ Z, the difference p — gq must be odd, and the a-string 


through 8 = Pg has the form: 
which clearly then contains $a so that $a € ®. But then we get a contradiction as 
a = 2($a). 


Remark 1.6. In fact, ifa, 8 € ®anda+f € &, then [ga, 98] = Ga+s- Indeed let slz act 
on g via the triple {eq, ha, €e~a} as in the proof above. Then the sl2-representation 
M = @_p<p<q 9a+ks is easily seen to be an irreducible representation (because 
each ha weight space is one-dimensional and the eigenvalues all have the same 
parity as 6(h,). Then the explicit description of the irreducible representations 
of sl, worked out in the problem sheet shows that e, is injective except on the 
subspace 9490, and so in particular on gg, hence [gq, 9] is nonzero and hence all 
of ga+s- 


